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Abstract 


In this paper we establish rigorously that the family of Burgers vortices of the 
three-dimensional Navier-Stokes equation is stable for small Reynolds numbers. 

More precisely, we prove that any solution whose initial condition is a small per¬ 
turbation of a Burgers vortex will converge toward another Burgers vortex as time 
goes to inhnity, and we give an explicit formula for computing the change in the cir¬ 
culation number (which characterizes the limiting vortex completely.) We also give 
a rigorous proof of the existence and stability of non-axisymmetric Burgers vortices 
provided the Reynolds number is sufficiently small, depending on the asymmetry 
parameter. 

1 Introduction 

Numerical simulations of turbulent flows have lead to the general conclusion that vortex 
tubes serve as important organizing structures for such flows - in the memorable phrase 
of [Oj they form the “sinews of turbulence”. After the discovery by Burgers P] of the 
explicit vortex solutions of the three-dimensional Navier-Stokes equation which now bear 
his name, these solutions have been used to model various aspects of turbulent flows ini. 
It was also observed in numerical computations of fluid flows that the vortex tubes present 
in these simulations usnally did not exhibit the axial symmetry of the explicit Burgers 
solution, bnt rather an elliptical core region. This lead to a search for non-axisymmetric 
vortices na, 0,0. While no rigorous proof of their existence was available until recently, 
pertnrbative calculations and extensive numerical simulations have lead to the expectation 
that stationary vortical solutions of the three-dimensional Navier-Stokes eqnation do exist 
for any Reynolds number and all values of the asymmetry parameter (which we define 
below) between zero and one. 
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When addressing the stability of Burgers vortices, it is very important to specify 
the class of allowed perturbations. If we consider just two-dimensional perturbations 
(i.e., perturbations which do not depend on the axial variable), then fairly complete 
answers are known. Robinson and Saffman computed perturbatively the eigenvalues 
of the linearized operator at the Burgers vortex and proved its stability for sufficiently 
small Reynolds numbers. Numerical computations of these eigenvalues were performed 
by Prochazka and Pullin QDI, and no instability was found up to Re = 10^. A similar 
conclusion was drawn for non-symmetric vortices HI]. The hrst mathematical work is 0, 
where we proved that the axisymmetric Burgers vortex is globally stable with respect to 
integrable, two-dimensional perturbations, for any value of the Reynolds number. Decay 
rates in time of spatially localized perturbations were also computed, explaining partially 
the numerical results of nm. Building on this work the existence and local stability of 
slightly asymmetric vortices with respect to two dimensional perturbations was proved in 
j3] for arbitrary Reynolds numbers. 

The stability issue is much more difficult if we allow for perturbations which depend 
on the axial variable too, and very few results have been obtained so far in this truly 
three-dimensional case. One early study by Leibovich and Holmes j7j concluded that 
one could not prove global stability for any Reynolds number solely by means of energy 
methods. Using a kind of Fourier expansion in the axial variable, Rossi and Le Dizes [T^ 
showed that the point spectrum of the linearized operator is associated with purely two- 
dimensional perturbations. Crowdy [2] obtained a formal asymptotic expansion of the 
eigenfunctions in the axial variable. In an important recent work, Schmid and Rossi [THj 
rewrote the linearized equations in a form which allowed them to compute numerically 
the evolution of various Fourier modes, from which they concluded that eventually all 
perturbative modes will be damped out. 

In this paper we address rigorously the existence of non-axisymmetric vortices and 
the stability with respect to three-dimensional perturbations of both the symmetric and 
non-symmetric vortex solutions. More precisely we will prove that, for all values of the 
asymmetry parameter between zero and one, non-axisymmetric vortices exist at least for 
small Reynolds numbers. In addition, we show that this family of vortex solutions is, in 
the language of dynamical systems theory, asymptotically stable with shift. That is to say, 
if we take initial conditions that are small perturbations of a vortex solution, the resulting 
solution of the Navier-Stokes equation will converge toward a vortex solution, but not, in 
general, the one which we initially perturbed. We also give a formula for computing the 
limiting vortex toward which the solution converges. 

We now state our results more precisely. The three-dimensional Navier-Stokes equa¬ 
tions for an incompressible fluid with constant density p and kinematic viscosity u are the 
partial differential equations: 

dtu + (u ■ V)u = i/Au — , V ■ u = 0 . (1) 

P 

Here u(x, t) is the velocity of the fluid and p{x, t) its pressure. Equation ((T)) will be 
considered in the whole space R^. Burgers vortices are particular solutions of (HD which 
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are perturbations of the background straining flow 

/ 712^1 \ 1 

U"(x) = 72X2 , p "{ x ) = --p(7?a;i+72X2+ 713:3) , (2) 

\ 732:3/ 

where 71,72,73 are real constants satisfying 71+72 + 73 = 0 . We restrict ourselves to the 
case of an axial strain aligned with the vertical axis, namely we assume 71,72 < 0 and 
73 > 0 . Setting u = + U, we obtain the following evolution equation for the vorticity 

17 = V X U: 


aif/+ (u • v)n - (17 ■ v)u + (u* ■ v)ri - (17 ■ v)w = i/An , v-n = o. (3) 


Under reasonable assumptions which will be satished for the solutions we consider, the 
rotational part U of the velocity can be recovered from the vorticity by means of the 
Biot-Savart law: 
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dvr /r 3 \x - 


( 4 ) 


For notational simplicity we begin by discussing the axisymmetric case where 71 = 
72 = —73/2. In this situation, it is well-known pQ that m has a family of explicit 
stationary solutions of the form 17 = ri7^, where F G R is a parameter and 


f2"(xx) = 


0 

0 


12^ (a:^) 


, 17 ^(x^) = ^ 


4:71 U 


( 5 ) 


Here x± = (xi, X2), \xi_\‘^ = xf + x^, and 7 = 73 > 0 . The velocity held corresponding to 
F 17 ^ is FU^, where 


U^(2:n) = 



_ g-7hxP/(4+^ 


( 6 ) 


These solutions are called the axisymmetric Burgers vortices. Observe that f^2 = 

1 , so that the parameter F represents the circulation of the velocity held FU^ at inhnity 
(in the horizontal plane X3 = 0 ). Following [H], we dehne the Reynolds number associated 
with the Burgers vortex FU'® as 


V 


( 7 ) 


Our principal result concerns the evolution of solutions of Q with initial conditions 
that are close to a Burgers vortex. Unlike in much previous work the perturbations we 
consider do not merely depend on the transverse variables x^, but also on X3. We prove 
that any solution of © starting sufficiently close to the Burgers vortex with circulation F 
converges as t —>■ +cxo toward a Burgers vortex with circulation F' close to F, and we give 
an explicit formula for computing the diherence F' — F in terms of the initial perturbation. 

We now introduce some function spaces to measure the size of our perturbations. 
Roughly speaking, we require the perturbations to decay as inverse powers of x±_ as 
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|xx| —> oo, but need only boundedness in X3. To be specific, we use the following weight 
function 

= (1 + + 7 ^ 2 /^)^^^ > x_L = (xi,X2) e . (8) 

Given any m > 0 , we define L‘^{m) = {a; ; ^ R | ||a;||i2(,„) < cx)}, where 

Il^lli2(^) = — [ b{x±y"^\uj{x±)\'^ dxi_ . (9) 

In other words, a function oj belongs to L‘^{m) if and only if a;, |xi|”^a;, |x2|™a;, and 
|xiX2|"*a; are square integrable over R^. For later use, we observe that L^(m) is contin¬ 
uously embedded into L^(R^) if m > 1/2, i.e. there exists G > 0 such that ||a;||£,i < 
G||a;||£,2(m) for all oj G L^{m). 

Our main space X'^{m) will be the set of all a; : R^ —> R such that x^ h-^ <x'(x^, X3) G 
L‘^{m) for all X3 G R, and such that the map X3 1—*• a;(-,X3) is bounded and continuous 
from R into L^(m). As is easily verified, X^(m) ~ G°(R, L^(m)) is a Banach space 
equipped with the norm 


||t^||x2(m) = sup ||a;(-,X 3 )||i 2 (^) . (10) 

13 SR 

Remark 1.1 If uj = {oji,oj2,oj^) is a vector field whose components are elements of 
we shall often write uj G X‘^{m) instead of uj G X‘^{mfi, and ||a;||x2(m) instead of 
||(a;f +U2 A similar abuse of notation will occur for other function spaces 

too. 


Consider initial conditions for the vorticity equation © which are a perturbation of 
the Burgers vortex: 

r 2 °(x) = ri 7 '®(x^)-I-ct;°(x) , ( 11 ) 

with r G R and uj^ G X‘^{mfi. Define 

Just to make sure the notation is clear, in the integrand cug refers to the third component 
of the initial perturbation uj^. 

Theorem 1.2 Fix m > 3 / 2 , and assume that (71,72,73) = 7(—!)■ For any p G 
(0,1/2), there exist Rq > 0 and eo > 0 such that if |r| < Rqu and ||a;o||x2(m) < ^O; 
then the solution Ft{x,t) of (C^) with initial condition I 77 |) converges as t tends to infinity 
to the Burgers vortex with circulation number F' = F -f JF, where JF is given by m- 
Convergence is with respect to the L‘^{m) norm in xj_ and uniformly on compact sets in 
X3. More explicitly, if I dR, is any compact interval we have 

sup ||ri(-,X3,f) - F'S7^(-)||i2(^) = C>(e“'^^*) , t -Fcx) . ( 13 ) 

xsGl 

Remark 1.3 Here and in the seguel, all constants are independent of the strain 7 and 
the viscosity v. In fact, both parameters will shortly be eliminated by a rescaling. 
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The proof of Theorem 11.21 uses ideas from our analysis of the stability of the two- 
dimensional Oseen vortices in [S]. The main observation is that, if we linearize equation 
at the Burgers vortex TO^ for small T, we obtain a small perturbation of a non¬ 
constant coefficient differential operator for which we can explicitly compute an integral 
representation of the associated semigroup. This semigroup decays exponentially when 
acting on functions a; G provided G X^lm), where 


Xl{'m) = \uj ^ X^{m) 


'R2 


x^) da;j_ = 0 for all Xs G R 


( 14 ) 


Thus an important step in the proof consists in decomposing the perturbation as n;(x, t) = 
-|-d>(x,f), where 


ip{x3,t) = / a;3(x_L,X3,t) dx^ , X3 G R , f> 0 . 

By construction 0)3 G Xq (m), hence dd{x, t) will decay exponentially to zero by the remark 
above. Now, the crucial point is that (p{x^,t) satishes the amazingly simple equation 

dtip + 'jxsdsif = vdlip , 

which can be solved explicitly, see m below. From the solution formula we see that 
(p{x3,t) converges uniformly on compact sets to the value 5 r as t —>■ 00, and follows. 
In other words, 93 is a “zero mode” which is responsible for the fact that the family of 
Burgers vortices is only asymptotically stable with shift. 

While the axisymmetric vortex solution has been extensively studied because of the 
explicit formulas for its velocity and vorticity helds, numerical experiments on turbulent 
flows seem to indicate that the vortex tubes that are prominent in these flows are not 
symmetric, but rather elliptical in cross section. A natural way to obtain such vortices is 
to assume that the straining flow is not axisymmetric, namely 

7i = -|(1 + A), 72 = -|(1-A), 73 = 7, (15) 

where 7 > 0 and A G [ 0 , 1 ) is an additional parameter which measures the asymmetry of 
the strain. While no explicit formulas for the vortex are known when A > 0 , extensive 
perturbative and numerical investigations indicate that there do exist stationary solutions 
of 0 for 0 < A < 1 , which for A close to zero are small perturbations of the vorticity held 
of the axisymmetric Burgers vortex na, 0, na. As in the symmetric case, there is in 
fact a family of vortices for each value of A G [ 0 , 1 ) parametrized by the total circulation 
T, but when A > 0 these solutions are not just multiples of one another. 

In Section |21 we give a simple but rigorous proof of the existence of these non- 
axisymmetric vortex solutions for all values of A G [ 0 , 1 ), provided the circulation Reynolds 
number of the how is sufficiently small (depending on A). A complementary result is ob¬ 
tained in |3] where we prove that, if A > 0 is sufficiently small, non-axisymmetric vortex 
solutions exist for all values of the Reynolds number. 

The construction of these non-axisymmetric vortices requires some work, so as a hrst 
step we rewrite the Navier-Stokes and associated vorticity equation in non-dimensional 
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form. This simplifies the expressions for the solutions and also the equations themselves. 
Fix A G [0,1) and assume that the straining flow is given by (j2I), (jl5|l for some 7 > 0. We 
replace the variables x,t and the functions u,p with the dimensionless quantities 


X 


7\V2 

— a; , t = 'yt , u 
u/ 


u 

(7j/)1/2 ’ 


P = 


P 

p'yv 


( 16 ) 


where z/ > 0 is the kinematic viscosity. Dropping the tildes for simplicity, we see that the 
new functions u, p satisfy the Navier-Stokes equation 0 with u = p = 1. Similarly the 
new straining flow is given by (j21), (llb|l with 7 = 1 . Setting u = u® + U, we obtain 
that f2 = V X U satishes (jHl) with z/ = 1, namely 


+ (u ■ v)ri - (rj ■ v)u + (u" ■ v)n - (n • v)u" = Ari, v-ri = o. (i7) 

Thus the main effect of the change of variables (Hi is to set 7 = z/ = 1 everywhere. 
In particular, in the dimensionless variables the weight function (jHj) becomes b{x±) = 
(1 + x\Y^‘^{l + and the norm (P) reduces to = || 6 ™'ci;|| 2 , 2 . 

To formulate our result, we dehne 

Gx{x^) = ^ V = (xi,X 2 ) G . (18) 

47r 

If A = 0, Gx{x±) is just the vorticity held (ji of the symmetric Burgers vortex written in 
the new coordinates, and the family of these vortices is indexed by the non-dimensionalized 
circulation number p = T/z/. As we show below, for any A G (0,1), Qx{x±) is still the 
leading order approximation to the vorticity of the non-axisymmetric Burgers vortex, for 
small Reynolds number |p|. Our precise result is: 


Theorem 1.4 Fix m > 3/2, A G [0,1), and assume that ( 71 , 72 , 73 ) is given by /f73]) with 
7 = 1 . There exist Ri{X) > 0 and Ki{X) > 0 such that, for |p| < Ri, the vorticity 
equation m has a stationary solution r2^(xj_; p, A) which satisfies 

A) = I 0 1 > / A)da:± = P , (19) 

Vji=(p^x;P.A)y 

and 

\\n^{--p,X)-pGx{-)\Wim) < . ( 20 ) 

Furthermore, D^(-; p. A) is a smooth function of p and X, and there is no other stationary 
solution of ( 0 ) of the form satisfying ||D^ — pGx\\L^{m) < 2 i?i. 

Remark 1.5 The proof shows that Ri{X) 0 and KfiX) oo as A —> 1. On the other 
hand, RfiO) > 0 and KfiX) = 0{X) as A —> 0. In particular, setting X = 0 in we 
recover that D^(-; p, 0) = pQo. 

Remark 1.6 Theorem\^ shows that the asymmetric Burgers vortex f2'®(xj_; p. A) decays 
rapidly as |x^| —a oo, since the parameter m > 3/2 is arbitrary (note, however, that the 
constants Ri,Ki depend on m). In fact, proceeding as in it is possible to show that 
has a Gaussian decay as |x_l| —> oo. Moreover, Fl^ is also a smooth function of x±, 
see Remark below. 
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Finally, we prove that these families of non-symmetric vortices are stable in the same 
sense as the symmetric Burgers vortices are. 

Theorem 1.7 Fix m > 3/2, A G [0,1), and assume that (71,72,73) is given by / f73]) with 
7 = 1. For any n G (0, ^(1—A)), there exist R2{X) > 0 ande2{\) > 0 such that, if\p\ < R2 
and if Q,^{x) = p, A) + (jl>^{x) with G satisfying 

da:_L , (21) 

then the solution fl{x,t) of with initial data converges as t —>■ +cx2 to the vortex 
solution n^{x_L; p', A), where p' = p + 6 p and Sp = ( 27 r)“^/^ dxa, see /f 7 ^) . 

More precisely, for any compact interval I CH, we have 

sup\\n{-,X3,t) - n^{-;p',X)\\L2(m) = 0 {e~^^) , t ^+00 . (22) 

The symmetric case A = 0 is included in Theorem II. 7 L which therefore subsumes 
Theorem 01 Note however that the assumptions on the initial data are more restrictive 
when A > 0, because we then need a condition on . This is due to the fact that 
non-axisymmetric Burgers vortices with different circulation numbers are not multiples 
of one another. 

The rest of the text is organized as follows. In Section |21 we prove the existence of 
non-axisymmetric Burgers vortices for small Reynolds numbers. The core of the paper is 
Section El where we show that these families of vortices are asymptotically stable with 
shift. Section E] is an appendix where we collect various estimates on the semigroup 
associated to the linearized vorticity equation, together with a few remarks concerning 
the Biot-Savart law. 


\UJ 


'i|x2(m) + A||(?3(p° 


|2 

Il°° 


< 62 , where p^ix^) = 


2 Existence of non-axisymmetric Burgers vortices 

The properties of non-axisymmetric Burgers vortices seem first to have been studied by 
Robinson and Saffman ra who used perturbative methods to investigate their existence 
for small values of the Reynolds number. There were many further investigations in the 
intervening years - we mention particularly the perturbative study of the large Reynolds 
number limit of these vortices by Moffatt, Kida and Ohkitani jU], and the numerical work 
of Prochazka and Pullin m However, as far as we know there has been no rigorous 
proof of the existence of these types of solutions and so in this section we present a 
simple argument which proves the existence of non-symmetric vortices in the case of 
small Reynolds number. 

Fix A G [ 0 , 1 ) and assume that 71,72,73 are given by (ITHll with 7 = 1. Motivated by 
the perturbative calculations of na we look for stationary solutions of (HZD of the form 

= f 0 I ) [ f^^(2:±) dxx = p, 

\n^ixx) J 
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for some p G R (recall that \p\ is the Reynolds number). Since depends only on 
the horizontal variable xx_ = (xi,X 2 ) and has only the third component nonzero, the 
associated velocity held depends only on x±_ and has only the hrst two components 
nonzero. Thus is naturally identihed with a two-dimensional velocity held which 
can be computed using the two-dimensional version of the Biot-Savart law: 


U^(xx) = 


2 vr |x_l - yi_\ 


2/2 - X2 
Xi - 2/1 


^^iy±)dy± 


Inserting these expressions into (El), we see that satishes the scalar equation 

= {C± + XM)Q^ , 


(23) 


(24) 


where C± and Ai are the diherential operators 

£_! = A_l ^(x_L ■ V_l) + 1 , M = ^(xi^i - xa^s) . (25) 

Here we have used the natural notations V_l = (Si, cla) and A_l = 

We shall solve in the weighted space L^(m) dehned by (0 (with 7 = z/ = 1). Our 
approach rests on the fact that the spectrum of the linear operator C± + XM. in L‘^{m) 
can be explicitly computed, see Section If m > 1/2, this operator turns out to be 
invertible on the invariant subspace Ll{m) dehned by 


Ll{m) = \uj G L‘‘{m) I a;(x^) dx^ = 0 

'R2 


(26) 


This allows to rewrite (121 as a hxed point problem which is easily solved by a contraction 
argument. 

As a preliminary step, let Va(x^) be the two-dimensional velocity held obtained from 
Gx{x±) by the Biot-Savart law (I22|l . Using (fTK|l and one can easily verify that 


+ XM)Qx = 0 , and [ Gx{x±)dx± = l. 

If we are given G L'^im) with m > 1/2 and if p = dx_L, we can decompose 

= pQx+uj , = pVa + u , (27) 

where uj G L^lm) and u is the velocity obtained from u by the Biot-Savart law (1221). With 
these notations, hnding a solution to (El is equivalent to solving 

(/1_L + XM.)u} = (pVa + ii) ■ V_l(p^a X- uj) , uj G LQ(m) . (28) 

Note that (pVx + u) ■ V^(p^A + cn) = V_l ■ ((pVa -|- u)(p^a + uj)) since Va and u are 
divergence-free. Thus the right-hand side of the (I28|l has zero mean as expected. 

The next proposition ensures that the operator £± -j- XA4 is invertible on ^^(m) and 
that (U_L -I- AAI)“^V_l dehnes a bounded operator from LP(m) into Ll(m), where LP(m) 
is the weighted space dehned in dH. 





Proposition 2.1 Fix m > 3/2 and A G [0,1). There exists C{m,X) > 0 such that, for 
all f G Ll{m), 

||(/:x + AAl)-ViU=M<qi/IU=M • (29) 

Moreover, if p E (1, 2], there exists C{m, A,p) > 0 such that, for all g G L^{m), 

\\{C^ + XM)-^d,g\\L^^^) <C\\g\\L.im) , ^ = l,2 . (30) 

Proof: Let Txit) denote the strongly continuous semigroup generated by C±_ + A At, the 
properties of which are studied in the Section W?]\ If / G L‘^{m), we know from (|7Hi) that 

\\Tx{t)f\\L^m) < C ^ > 0 . (31) 

Thus C± + A At is invertible on Ll{m) and we have the Laplace formula 

poo 

+ AA1)-V = - / rx{t)fdt , / G Llim) . (32) 

Jo 

Combining jSH), dsi, we easily obtain (jsni). Assume now that / = d^g for some i G {1,2} 
and some g G LP{m). Using and (HH) or (USD, we obtain an estimate of the form 

poo ^ 

||(/:x + AAf)-ia,^|U2(^) < C / a{t)-.e--^^^-^^g\\L.im)dt , 

Jo 

where a{t) = 1 — e“L Since p > 1, the singularity in the integral at t = 0 is integrable 
and dSOD follows. □ 

We can now rewrite dSHD as a; = F\^p{uj), where F\^p : Ll{m) —> Ll{m) is dehned by 

Fx,p{^) = {C^ + AA1)~ Vx ■ ((pW + u) ■ {pQx + a;)) • (33) 

For any r > 0, let Bm{0,r) denote the closed ball of radius r centered at the origin in 
Lg(m). The main result of this section is: 

Proposition 2.2 Fix m > 3/2 and X G [0,1). There exist Ri{X) > 0 and A'i(A) > 0 
such that, if |p| < Ri, then Fx,p has a unique fixed point uix,p in 5^(0, 2i?i). Moreover 
ujx,p is contained in BmifJ, Kip^) and uix,p is a smooth function of both X and p. 

Proof: Let Bx '■ Lf{m) x Lf{m) L‘l{m) be the bilinear map dehned by 

S,(Ui,fl 2 ) = (Ux + AAf)-Wx ■ (U1I22) , 

where Ui is the velocity held obtained from f2i by the Biot-Savart law (jSBD- If 1 < p < 2, 
then ||Uif22||LP(m) < C'||fIi||L2(m)||fl 2 ||L 2 (m) by Corollary 14.51 Using in addition (jSOD, we 
see that there exists Ci(A) > 0 such that 

||i3A(fli,fl 2 )||L 2 (m) < C'i(A)||Ui||i2(^)||f22||L2(m) , VLi,VL 2 E Lf{m) . 

Since Fx,p{oj) = Bx{pG\ + uj, pQx + <^), we obtain, for all uj G Lg(m), 

\\F\,p{^)\\L'^{m) < C'2(A)p^ + C3(A)(2|p|||a;||L2(m) + ||a;||^2(,„)) , (34) 
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where C' 2 (A) = ||i3A(^A, ^A)||L2(m) and C 3 (A) = Ci(A)max(l, ||^A||L2(m))- Similarly, for all 
a;i,a;2 G Ll{m), 


||-Pa,p(i^i) —-FA,p(a; 2 )||L 2 (m) < C'3(A)||a;i — a;2||L2(^)(2|p| + ||a;i|| 2 , 2 (^) + ||a; 2 ||L 2 (^)) . (35) 

When A = 0, ^A is radially symmetric and Va is azimnthal, hence Va ■ V_lQ\ = 0 . Thns 
6 * 2 ( 0 ) = 0, so that C' 2 (A) = 0{X) as A —> 0. 

Now, choose > 0 snfiiciently small so that 

C2R1 < 1 , and SC^Ri < 1 . 

If H < Ri and 26 * 2 ^^ < r < 2Ri, estimates and imply that Fx^p maps the ball 
-Bm(0,r) into itself and is a strict contraction there. More precisely, if a;i,a ;2 G i?m(0,r), 
then 

3 

|| 6 A,p(a;i)||L 2 (^) < r , and ||FA,p(a;i) - FA,p(a; 2 )||L 2 (m) < ^||a;i - a; 2 ||L 2 (^) . 

By the contraction mapping theorem, Fx^p has a nniqne hxed point u}x,p in Bm{0,r). 
Choosing r = 2Ri, we obtain the existence and nniqneness claim in Proposition |2i21 Then 
setting r = Kip^ with Ki = 26*2, we see that uix,p ^ -Bm(0, KiP^)- Finally, the smoothness 
property is a immediate conseqnence of the implicit fnnction theorem. Indeed, the map 
(o;, X, p) H-^ Fx,p{ijj) is obvionsly C°^ from Ll{m) x [0,1) x R into LQ(m), and the partial 
differential 

Du)Fx,p{^) = O’ I—>■ Bx{i2}, pQx + cn) + Bx{pGx + <^, a)) 

satishes \\Di_jFx^p{u})\\ < 3/4 whenever |p| < Ri and a; G Rm(0, 2Ri). Thns 1 — D^Fx,p{uj) 
is invertible at u = ujx,p, and the implicit fnnction theorem implies that ux,p is a smooth 
fnnction of both A and p. □ 

Theorem 11.41 is a direct conseqnence of Proposition 12.21 Indeed, if |p| < i?i(A), we set 
f2'®(x^; p. A) = pGx{x_[_) +a;A,p(a^±), where ujx,p is as in Proposition 12.21 and we denote by 
p. A) the two-dimensional velocity held obtained from by the Biot-Savart law 
(j2Sl)- Then 

/ 0 A fU,^{xr,P,X)\ 

n^{xr,P,X) = 0 , \J^{xr,P,X) = U,^{xr,P,X) (36) 

\n^{x±;p,X) / \ 0 / 

is a stationary solntion of (HZD which has all the desired properties. In particnlar, since 
<^A,p G Ll{m), we have 

[ n^{xr,p,X)dx± = p, (37) 

while the fact that ujx,p G 5^(0, iFip^) implies that (pn|l holds. For later nse, we observe 
that there exists C{X,m) > 0 snch that, for |p| < Ri, 

||fi^(-;p, A)||z, 2 (,„) < CIpI , and \\dpQ^{-] p, X)\\L2(m) < C . (38) 

Moreover ||c)^f2'®(-; p, A)||L 2 (m) < C*A, becanse in the symmetric case f2'®(-;p, 0) = pGo so 
that dp^X^G; p, 0 ) = 0 . 
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Remark 2.3 We chose to solve in L‘^{m) because this is basically the space we shall 
use in Section 0 to study the stability of the vortices. But it is clear from the proof of 
Pronosition \2. ‘A tha,t nothing important changes if we replace Lffm) with the corresponding 
Sobolev space 


H\m) 


G L^(m) d\dif G L^{m) for all i,j G N with i+ j < k 


for any /c G N. This shows that the asymmetric Burgers vortex p, A) is a smooth 

function of x±_ too. In particular, by Sobolev embedding, p, A) G (^^(R^) (the space 

of all continuous and bounded functions on R^j and we have the analogue of UIA) : 

sup h{xi_)'^\VL^ {x±_] p,X)\ < C\p\ , sup h{xi_)'^\dpVL^{x±_]p,X)\<C. (39) 

a:j_GR^ 3 :j_GR^ 


Moreover, since fl^{-;p,X) G L^(R^) for all p G [1,+cx)], Proposition \4.4\ implies that 
U(-; p, A) G L'?(R^) n C°(R^) for all q G (2, cxo], and there exists C{q,m, A) > 0 such that 

||U^(-;P,A)||m(r 2 ) ^CIpI , and i|apU^(-;P, A)|U,(r 2 ) < C . (40) 


3 Stability with respect to three-dimensional pertur¬ 
bations 

We now prove that the family of vortices constructed in the previous section is asymp¬ 
totically stable with shift, provided the circulation Reynolds number is sufficiently small, 
depending on the asymmetry parameter A G [0,1). In particular, our result applies to the 
classical family of symmetric Burgers vortices (A = 0). 

Throughout this section we £x some A G [0,1). For |p| sufficiently small we denote 
by Pl^{x±-, p), U'®(a:_L; p) the asymmetric vortex (pH|l with total circulation p (to simplify 
the notation, we omit the dependence on A). As we mentioned in the introduction, if we 
slightly perturb the vortex fl^{-]p) the solution of the vorticity equation will converge 
toward another vortex with a possibly different circulation. This means that we must 
allow the parameter p to depend on time. Also, since the perturbations we consider may 
depend on the axial variable x^, it turns out to be convenient to approximate the solutions 
by vortices with different circulation numbers in different x^ sections. In other words, we 
will consider solutions of (ED of the form 

/ 0 \ / ui{x,t)\ 

n{x,t) = 0 + Uj 2 {x,t) , (41) 

\H^{x±;p + p{x3,t)) J \u3{x,t) J 

where (p{x^,t) is determined so that dx± = 0 for all X 3 and t. In view 

of (jSZD) if is obvious that any pertubation of f2^(-;p) that is integrable with respect to 
the transverse variables x\_ can be decomposed in a unique way as in (ED- Similarly, we 
write the rotational part of the velocity field as 

jUj{x,t]p,p)\ / ui{x,t)\ 

V{x,t)= U^{x,t]p,p) + U 2 {x,t) , (42) 

\ 0 / \u^{x,t)) 
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where U'®(a;, t; p, (p) is the velocity held obtained from the vorticity p + t)) 

by the Biot-Savart law ©• It will be shown in Proposition 14.111 that \J^{x,t-, p,p) is a 
small perturbation of U^(a;j_; p + (p{x3,t)) if ip varies slowly in the X3 direction, namely 
there exists C(A) >0 such that 

sup \IJ^{x,t] p,ip)-lJ^{x±-,p + ip{x3,t))\ < C\\d3ip{-,t)\\L<-= . (43) 

Let uj = (a;i, a; 2 , and u = (mi,M 2 ,M 3 )^ denote the remainder terms in (HT|l and 
(j42|l respectively. By construction, u is the velocity held obtained from lo by the Biot- 
Savart law 0. Remark that V ■ u = 0, but V ■ cj = —{dpVL^)dz‘p 7^ 0, hence 7^ V x u. 
In broadest terms, our strategy is to show that uj{x,t) and d3p{x,t) converge to zero as 
time tends to inhnity, so that the vorticity fl{x, t) approaches one of the vortices p') 
constructed in Section |21 With that in mind, we now write out the evolution equations 
for uj and (p. 

Inserting (HU . (11^ into (fT7|l and using the identity (U-V)ri —(Li-V)U = Vx(rixU), 
we obtain after straightforward calculations: 

dtU} = Llj -|- -|- IH[(<y9) , (44) 

where the various terms in the right-hand side are dehned as follows. 

• The linear operator L is the leading order part of the equation, which takes into account 
the dihusion and the effects of the background strain: 

/ (£-7 7i)o;i\ 

La; = Ao;-I- (a; ■ V)u® — (W ■ V)a; = j {C +'y 2 )uj 2 

\ (£ -f ygjcus / 

Here 71 , 72,73 are given by m with 7 = 1, and 

£ = A - (W ■ V) = A -h ^(a;_L ■ V_l) -h ^{xidi - X 2 d 2 ) - x^ds . (45) 

• The term P^o; = V x (U^ X a; + u X fi^) describes the linear interaction between the 
perturbation and the modulated vortex, namely: 

/ d 2 {Ui u !2 — U 2 ^ 

P^o; = d,{Ujuj, - 11 ^ 002 )+d3{U ^003 + U 2 n^) \ . (46) 

y — di(Ui UJ 3 -h Uifl^) — 82(^2 X}3 -|- U2^^) J 

Here and in the sequel, to simplify the notation, we write instead of 0 ^(-; p + p) and 
IJ-® instead of U^(-; p, p). 

• The term N(a;) = V x (u x a;) collects all the nonlinear contributions in a;, specihcally: 

( d2iuiu;2 - U2UJ1) + ds^uiujs - U3UJ1) \ 

di{u 2 UJi - U 1 UJ 2 ) + d 3 {u 2 UJ 3 - U 3 UJ 2 ) ■ (47) 

di{u 3 Ui -U 1 U 3 ) + d 2 iu 3 U 2 - U 2 UJ 3 ) ) 

• Finally, ]H[((p) = Lfi'® -|- V x (U^ x O^) — dtO,^ is an inhomogeneous term which is due 
to the fact that 0 ^(-; p + p) fails to be a solution of (IT7I) if p is not identically constant. 
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A simple calculation shows that IHIj((p) = d^{lJ^VL^) for i = 1, 2. The third component of 
]HI((p) has a more complicated expression: 

H3(v?) = + Vx-+ 

-{dpVt^){dt(p + x^d'iip - dlip) , (48) 

where £_l and Ai are dehned in ( 12 SD. 

Equation (IH|l governs the evolution of both Lp and n;. To separate out the evolution 
equation for ip, we recall that n; satishes the constraint /j ^2 2 : 3 , t) dxj_ = 0. If we 

integrate the third component of the vectorial equation (I44j) with respect to the transverse 
variables the hrst three terms in the right-hand side give no contribution, as can be 
seen from the formulas iSD, (111, dUD- So we must impose 

/ ]H[ 3 ((p) dx_L = 0 , for all X 3 and t . (49) 

Jn? 

As is clear from ()24|1 . the hrst term in the right-hand side of ()48j) has zero mean with re¬ 
spect to and so does the second term because it is explicitly in divergence form. On the 
other hand, differentiating dSZj) with respect to p, we obtain the identities /j ^2 dpVt^ dx^ = 
1 and dxj_ = 0. Thus (fll gives the evolution equation for p: 

dtp + xsdsp = dip . (50) 

Remarkably, this equation is linear and completely decoupled from the rest of the 
system. As is easily verihed, the solution of dH with initial data <p(x 3 , 0 ) = <p°(x 3 ) is 
given by the explicit formula 

p(x 3 ,f) = (Gt * P°)(x 3 e"‘) , X 3 G R , f>0, (51) 

where 

= \l 

The following simple estimates will be useful: 

Proposition 3.1 If p^ G G°(R), the solution of /f3?l) with initial data p^ satisfies 

||9^(‘,^)||l°° < , ll^3‘^(',^)IU“ < ’ ^>0 • (^3) 

If moreover dzp^ G L°°(R), we also have 

\\d3p{-,t)\\L-- < e~^\\d3p°\\L-- , t>0 . (54) 

Proof: Since ||Gt|| 2 ,i = 1, it follows immediately from dSl) that \\p{-,t)\\L^ < ll‘^°ll ^00 . If 
d 3 p^ G L°°(R), the same argument gives dHl, because 

d3p{x3,t) = e~\Gt*d3p^){x3e~^) = e~\d3Gt* p^){x3e~^) , f >0 . (55) 

To prove the second estimate in (El, we use the last expression in (El and observe that 
||^ 3 G'iilLi = G/\/l — where G = \J2/'k <1. □ 
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Remark 3.2 Provosition \‘J.l\ shows in varticular that dsip defines a semigroup of bounded 
linear operators on the space of all bounded and continuous functions on R 

equipped with the L°° norm. It is easy to verify that this semigroup is not strongly con¬ 
tinuous in time, due to the dilation factor in dSID which in turn originates in the 
unbounded advection term in However, if we equip C°(R) with the (weaker) 

topology of uniform convergence on compact sets, then dm; defines a continuous function 
of time. 

We now return to the evolution equation for uj. Using iH), equation (EDI) for (f, and 
equation ()24j) satisfied by the asymmetric vortex , we obtain for the inhomogeneous 
term ]HI((^) the simpler expression 

/ \ 

e(v9) = dsiu.^n^) , (56) 

VVx ■ ((u^-u^)f^'') + idln^)idscpf J 

where as usual U'® = p -|- p). Before starting the rigorous analysis, let us briefly 

comment here on why we expect solutions of to go to zero as t goes to inhnity. 
Given m > 3/2, we assume that a;* G X^{m) for i = 1,2,3, where X^{m) is the space 
dehned in m- By construction, 0)3 then belongs to the subspace X^^m) given by (HI. 
As we show in Section 101 the linear operator L has spectrum that lies in the half-plane 
{ 2 ; G C I Re^; < —1(1—A)} when acting on X‘^{m) xX^(m) xX^ijn). Thus, the semigroup 
generated by this operator can be expected to decay like exp(—1(1—A)f). The remaining 
linear terms in the equation, namely P(^(a;), contain a factor of the vortex solution which 
is proportional to p + p (see (El and (Hni) and hence, for small Reynolds number, they 
will be a small perturbation of L and will not destroy the exponential decay. The same 
is true for the nonlinear terms N(a;) provided we restrict ourselves to sufficiently small 
perturbations. Finally, the inhomogeneous term ]H[((p) decays at least like e~^ by (j43|l and 
Proposition 13.11 so we expect the solution uj{x,t) of (H^ to converge exponentially to 
zero if the initial data are sufficiently small. 

We now put these heuristic arguments into a rigorous form. Let X(m) be the Banach 
space (m) x (m) x Xg (m) equipped with the norm 11 cj 11 x(m) = 11 1 ^ 1 11 (m) +11 <^ 2 11 (m) + 
||<^ 3 ||x 2 (m)- As is shown in Proposition 14.6L the linear operator C is the generator of a 
semigroup of bounded operators on X^(m), hence the same is true for the operator L 
acting on X(m). A natural idea is then to use Duhamel’s formula to rewrite (I44|l as an 
integral equation: 

u>{t) = + j -I-N(<.i;(s))-I-]H[((y9(s))j ds , t>0, (57) 

which can then be solved by a hxed point argument. A problem with this approach is 
that the semigroup fails to be strongly continuous on X^(m), essentially for the reason 
mentioned in Remark El To restore continuity, it is thus necessary to equip X^(m) with 
a weaker topology. For any n G N* we dehne the seminorm 

\^\xi(m) = sup ||a;(-,a; 3 )||i 2 (^) , (58) 

\x3\<n 
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and we denote by the space X^(m) eqnipped with the topology dehned by the 

family of seminorms (j58jl for n G N*, i.e. the topology of the Frechet space C°(R, L‘^{m)). 
In other words, a seqnence ujk converges to zero in if and only if \ujk\x^{m) —^ 0 as 

k —>■ oo for all n G N*, namely if Ukixs) converges to zero in L‘^{m) uniformly on compact 
sets in 0 : 3 . We dehne the prodnct space Xioc(m) in a similar way. Then Proposition I4.bl 
shows that the semigronp is strongly continnons on Xioc(m), and the integrals in m 
can be defined as Xioc(m)-valned Riemann integrals, see Corollary 14.71 and Remark 14.81 
Since we expect uj{t) to converge exponentially to zero as t —*■ cx), we shall solve (PTTf) 
in the Banach space 

= {^ e C°([0,+cx)),Xioc(m)) I ||n;||Y^(m) < 00 } , 

for some /i > 0 , where 

II^IIy^M = snpe'^*||n;(f)||x(m) • 

t>o 

Given initial data G C°(R) and G X(m), we hrst define ip{x 3 ,t) by (jSH), and then 
nse the integral eqnation m to determine n;(t) for all t > 0. Onr main resnlt is: 


Proposition 3.3 Fix X G [0,1), m > 3/2, and 0 < p, < |(1—A). There exist positive 
constants p 2 > 0, £2 > 0, and K 2 > 0 such that, if |p| < P 2 , £ ^ £ 2 , <^nd if ip^ G ^^(R) 
satisfies + A||93(/9°|||cx> < £, then for all uj^ G X(m) with ||n;°||x(m) < ^ equation 

([371 1 has a unique solution uj G Y^(m) with ||n;||y^(m) < K 2 £. 

Proof: Fix A G [0,1), m > 3/2, and 0 < p < |(1—A). To simplify the notations, we 
shall write X instead of X(m) and Y instead of Y^(m). For any r > 0, we denote by 
-Bx( 0 ,r) (respectively, ily( 0 ,r)) the closed ball of radins r > 0 centered at the origin in 
X (respectively, Y). Let G ^^(R) and denote by p{x^,t) the solntion of (I3n|) with 
initial data Given p G R, G X, and n; G Y, we estimate the varions terms in the 
right-hand side of dsa. 

We begin with the linear term From Proposition 14.01 we know that the linear 

operator C + l = £i+a,i-a generates a semigronp St = which is strongly continnons 

on Xf^^{m), nniformly bonnded on X^(m), and which decays like on Xg(m). 

Since 

where 71 , 72,73 are given by (1151) with 7 = 1 , we dednce that 1 1 —>■ e^^u)^ is continnons in 
Xioc and satisfies 




< •Oil ' --^*1 


< Gie 2 


|^il|x2(m) + e 2 |||^2 ||A:2(m) + e 2 

Oil 


a;. 


;llx 2 (m) 


(59) 


Note that it is crncial here that cv^ G X^(m), otherwise we do not get any decay at all. 

We next consider the linear term e*'*“®^'^P;^C(;(s) ds. For s > 0 and i G {1,2}, we 
know from Proposition 14.111 that Uf{s) = Uf {■, s; p, p{s)) G G°(R^) and \\Uf{s)\\L^ < 
^(IpI + II‘(^('S)I|l°°) < C{\p\ + ||(P°||l°°) by Proposition 13.11 Since 0 Jj{s) G X\m) for 
i G {1,2,3}, it follows that Uf{s)ujj{s) G X^(m) and 

W^i Ilx2(m) ^ ||Cj (s) ||i,oo(]^ 3 ) ||a;j(s) ||x2(m) ^ l|l^i('5) ||x2(m) , 
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where p' = |p| + ||99°||ioo. Moreover, it is not difficult to verify that s h->• U^{s)ujj{s) is 
continuous in Similarly, Mj(s) G X^(0) for q G (2, +cx)) by Proposition 14.91 and 

p + (^(s)) G XP{m) for p G [1, +cx)] by Remark ESI hence Mj(s)f2^(s) G 
X‘^{m) by Holder’s inequality and 


Wi(s)r2 (s)||x2(m) ^ ll^*('®) ll^^(O) 11^ ('^)||x4(m) ^ C'p ||cUj(s) ||x2(m) ■ 


Again s h-> Ui{s)fl^{s) is continuous in X^^^{m). Thus Corollary 14.71 and Remark 14.81 show 
that the three components of the vector ds are well dehned and contin¬ 
uous in for f > 0. Using Proposition 14.bl we can estimate the hrst component as 

follows: 


I g(t-.)(£+7i) (^d2{Ufu;2 - U 2 V) + dsiU^Us + (s) ds 

rt -2{t-s) , ^ 

J a(t-s)V 2 (ll^f ('5)'^2(s)||x2(m) + (s)a;i(s)||x 2 (m) 

^ ^ J a(t_s)l/2 (ll^]^('®)^3(5)||x2(m) + ||Ml(s)f2-®(s)||x2(m) 


X^{m) 

ds 


ds , 


where a(t) = 1 — e“h (This estimate could be sharpened somewhat by using the functions 
ai(t), 02 (t), and 1 — which appear in Proposition Id.bl but they would lead to no 
qualitative improvement in the hnal result and so we use this somewhat simpler form.) 
The other two components can be estimated in exactly the same way except for a slower 
exponential decay of the linear semigroup, see (P|). Summarizing, we obtain: 




rt 


-its) 


a(f-s)V2 


|^(s)||xds < C 2 pe ^^\\uj\\ 


(60) 


We now consider the nonlinear term ^^'^N(cl;(s)) ds. Let 1 < p < 2. For s > 0 

and i,j G {1,2,3}, we know from Corollary 14.101 that Ui{s)ujj{s) G X^(m) with 


||'Uj(s)(nj(s) ||xp(m) ^ C*||^i('5) ||x2(m) ||^j('5) . 

Moreover s h->• Mi(s)a;j(s) is continuous in Xf^^{m). Thus, by Remark 14.81 the integral 
lo e^*“^^'^N(n;(s)) ds is well dehned and continuous in Xioc for t > 0. Proceeding as above 
we can estimate the hrst component as follows: 


X2(m) 


g(i s)(^+7i) ^d2(uiCL’2 - U2CU1) + d3(uiu;3 - Ms^l) j (s) ds 

s) , V 

^ a(t-s)VP (ll^l(^V2(g)||xP(m) + ||M2(g)o;i(s)||xP(m)j ds 


C 


rt 


(t-g)l/p (ll^l(^V3(g)|Up(m) + ||M3(s)a;i(s)||xP(m)j ds . 


Repeating the same arguments for the other two components, we thus hnd 


e(i-^)Liq(^(s))ds 


< C 


Iq a(t—sy/p 


KiJ s 


;ds < C' 3 e-^ia;||^ 


(61) 
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Finally, we turn our attention to the inhomogeneous term Jq ®^'^]H[((y9(s)) ds. To 
bound the hrst two components, we observe that {s)Q^(s)) G X‘^{m) with 

\\d3iUf{s)n^{s))\\x^m)<Cp'\\d3(p{s)\\L-o, « = 1,2. (62) 

Indeed, d 3 {UfQ^) = + Vt^d^LJ^. Since = 12 ^(x_l;p + ip{x 3 ,t)), one has 

= {dpVt^){d 3 (p), hence by (llOOj) 

Wilj^d^n^Wx^m) < \\UF\\L^\\dz^''\\x^m) < Cp'Wd^ifWL^ • 


Moreover, as d^X]^ is the velocity held obtained from d^fl^ = {dpXl^){d 3 ip) by the Biot- 
Savart law, the proof of Proposition 14. 11 1 shows that ]^oo <C\\d3ip\\ 1^00 ^ hence 


W^^dsUfWx^^m) < ||^'^||x2(m) ||^3h^i^||L°° 


< Cp'WdspllL^ , 


which proves (P|). As usual, one checks that s h ->• d^i^UP{s)fl^(s)) is continuous in 
for s > 0. Using (13^1) . (|U^ . the hrst component of the inhomogeneous term can 
be estimated as follows: 




X^(m) 


< Cp' 




< C'e-^V||(p°|U.o , 


a(s)V2 


||</ 2 °||loo ds 


and the second one is bounded in exactly the same way. To bound the third component, 
we hrst remark that {U^{s) — U^{s))fl^{s) belongs to X‘^{m) for i = 1,2 and depends 
continuously on s > 0 in Xf^^{m). By dSHD, iSl), 

\\iUF-UF)Xl^X^im) < \\Uf -iinL^Xl^X^im) < Cp'Wd^ifWL^ , 
hence using (IS2I) we hnd 


g(t-.)(£+73)v^ ■ (U^(s) - U^(s))U^(s) ds 
p-Vh-*) P- 


X2(m) 


< Cp' 


lo a(t-s)V2a(s)V2 


||(p°||z,oc ds < Ce ^Vi|95°||L° 


On the other hand, {s){d 3 p{s)Y lies in X^{m) and depends continuously on s > 0 
in A[2^(m). As was mentioned before Remark l2.d[ ||92y2^(s)||x2(m) < CX. If A > 0, we 
assume that G L°°(R) and using (IH^ we obtain 




X2(m) 


< CX f e-^(*-")e-2"||a3/||ioods 

Jo 

< CXe-'^'Wd^pYi^ • 


Thus we have shown that /g* '^^'^]HI((p(s)) ds is well dehned and continuous in Xioc for 

t > 0. Moreover, 


e(*-"^^H((p(s)) ds < CiC-f^'p'lYllL^ + C^Xe-i^^WdsP^ 


|2 

Il° 


(63) 
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Given cj e Y, we denote by (Fa;)(t) the right-hand side of Estimates (IHH]) . (CTl . 
(jnH), show that t H- >■ {¥uj){t) G Y. Thus F maps Y into itself and 

IIFo^IIy < Gillo^^llx + G2p'||a;||Y + GsIIo^IIy + G4p'||(p°||icx)-|-G5A||c?3(p°||^oo , (64) 

where p' = \p\ -|- ||(p°||ioo. Moreover, if u:i,u :2 G Y, the same estimates show that 

||Fa;i — Fa;2||Y < ||^i — ^2 ||y( ^2^^-|-G3(||a;i||Y + ||^2 ||y) ) , (65) 


because the linear term and the inhomogeneous term depending on ]H[((y 9 ) drop out 

when we consider the difference Fwi — Fa; 2 - Now, choose P 2 > 0 and £2 > 0 small enough 
so that 


P 2 + £2 < min 1, R 


i-i) 


2 G 2 


and £2 < 


1 


32G3(Gi + G 4 + Gs) 


where -Ri is as in Proposition EIH Assume that |p| < P 2 , £ < £ 2 , ||</ 2 °||loo-1-A||R3(/9' 


0112 


IL°° 


< 


and ||<-i;°||x < £■ If 4(Gi -|- G 4 -|- Gs)^ < r < 1 /( 8 G 3 ), then (jM|l shows that F maps the 
ball i?y(0,r) into itself. Indeed, under the assumptions above we have C 2 P' <1/2 and 
Csr < 1/4, hence if a; G i?y(0,r) then (j64j) implies 


/f' rp' ~\'Y‘ 

IIIF^IIy < Gi^ 2 4 ~ + G4 -|- Gs)^ + —<?". 


Similarly, ||Fa;i —Fa; 2 ||Y < —<^ 2 ||y if ^ 1 , <^2 ^ i^v(0,r). By the contraction mapping 

theorem, F has thus a unique hxed point to in i?y(0,r). Choosing r = K 2 £ with K 2 = 
4(Gi -|- G 4 -|- G 5 ), we see that u is the unique solution of (PTTIl such that ||<-o’||y < K 2 e. □ 

Theorem ll.Tl is a direct consequence of Proposition ld.dl Indeed, suppose that the initial 
condition for the vorticity is f2‘’(a;) = 0 ^(x_l;p) -|- uj^{x), where G X^(m)^ satishes 
m- Then we can decompose = n^{xr,p + p^{x3))+u;° (x), where is as in m 

and belongs to X(m), namely cug G XQ(m). Moreover, there exists G(m, A) > 0 such 
that 

II^^IU + + A||cl3(p'^||^oo < Ce2 , 


and so the smallness conditions on the perturbation in Theorem 11.71 imply those in 
Proposition 13.31 We deduce that the solution of m with initial data r 2 ° satishes 
n {x,t) = fl^{x±; p + p{x 3 ,t)) + uj{x,t) for some uj G Y^(m), hence ft{x,t) converges 
exponentially in X‘^{m)^ toward the modulated vortex fi'®(a;j_; p + p{x 3 , t)). On the other 
hand, from (EH, El, we see that, for any 0:3 G R, p{x 3 ,t) converges toward the limiting 
value 


lim p{x 3 , t) 




e p^{y) dy = 5p , 


'R 


and that sup^.^^^ |</ 9 (x 3 , t) — 5p\ = G(e“*) for any compact interval / C R. Thus the 
difference \\fl^{■; p + p{x 3 ,t)) — p + 6 p)\\l 2 (^^) will converge exponentially to zero as 
t 00 , uniformly for 2:3 in any compact interval. Combining these estimates, we obtain 

El- 
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4 Appendix 

In this appendix we collect a number of technical estimates used in the main body of the 
paper. They relate mostly to the behavior of the semigroup generated by the linearization 
of the vorticity equation around the Burgers vortex. We also prove some estimates relating 
the vorticity held to the corresponding velocity held dehned by the Biot-Savart law. 


4.1 The one-dimensional Fokker-Planck operator 

Fix a > 0, and consider the one-dimensional linear equation 

dtUJ = CaOJ = d'luj + ^xdxUJ + , 


( 66 ) 


where x G R and f > 0. If a;(x, t) = uj{y/ax, at), then dtoj = CiCj hence we could assume 
without loss of generality that a = 1. However for our purposes it is more convenient to 
keep a > 0 arbitrary. 

The linear operator is formally conjugated to the Hamiltonian of the harmonic 
operator in quantum mechanics: 


2 2 
ax _ ax 

e 8 e 8 


= dl 
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As is well-known, the spectrum of in T^(R) is a sequence of simple eigenvalues: 



and the associated eigenfunctions are the Hermite functions hn{x) = xhis 

observation, however, is not sufficient to determine the whole spectrum of £„ because we 
want to consider this operator acting on a space of functions with algebraic (rather than 
Gaussian) decay at inhnity. 

For any m > 0 and p > 1 we dehne the space = {/ G Lp(R) | w^f G Lp(R)}, 

where w{x) = (1 -t- x^)^/^. This Banach space is equipped with the natural norm 


II/I|l.m = Ww^fh. = 



The parameter m determines the decay rate at infinity of functions in LP(m). For instance, 
it is easy to verify that L^(m) -h^(R) if (and only if) m > 1/2, because in that case 

w~^ G T^(R) so that any / G L^(m) satisfies 


/ |/(a;)|dx = / w{x)^\f{x)\w{x) "*dx < ||w™/||i, 2 ||n; ^\\l 2 = G||/||L 2 (m) , (67) 

Jn Jn 

by Holder’s inequality. If m > 1/2, we thus dehne 


Ln(m) = < f e l/im 


/(x) dx = 0 


'R 


This closed subspace of L^(m) is clearly invariant under the evolution dehned by 
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In (jSl, Appendix A) it is shown that the spectrum of in L^(m) is 



na 



U G C 


Re {z) < a 




( 68 ) 


Thus, in addition to the discrete spectrum of the harmonic oscillator, the operator also 
has essential spectrum due to the slow spatial decay of functions in L^(m). Note however 
that this essential spectrum can be pushed far away from the imaginary axis by taking 
m > 0 sufficiently large. Therefore, if m is large, the relevant part of the spectrum of 
is still given by the hrst few eigenvalues of L^- In particular zero is an isolated eigenvalue 
of £q, if m > 1/2, and the rest of the spectrum is strictly contained in the left-half plane. 
If we restrict ourselves to the invariant subspace LQ(m), the spectrum of Ca is unchanged 
except for the zero eigenvalue (which is absent). 

Equation can be explicitly solved as uj{t) = e*'^“a;(0), where 



^at/2 


g 4a(t) ^ a: e R , 


{4:7ia(t)y/^ 


'R 


t > 0 , 


and a{t) = (1 — e~°‘^)ja. Using this expression, it is straightforward to verify that 6*"^“ 
dehnes a strongly continuous semigroup in L^(m) for any m > 0. Moreover, e^^°‘ maps 
LQ(m) into LQ(m) if m > 1/2, and the following estimates hold (see [3], Appendix A): 


Proposition 4.1 If m > 1/2, the semigroup is uniformly bounded in L^(m) for all 
t > 0. Moreover, if m > 3/2, there exists C{m,a) > 0 such that, for all f G Lg(m), 

l|e*^“/||L^M < C^e-“*/2||/||L2(,,) , f > 0 . (69) 

Finally, */ 1 < p < 2 and m > 3/2, then e^^°‘dx defines a bounded operator from LP(m) 
into LQ(m) and there exists C{m,a,p) > 0 such that, for all f G L^(m), 

p-at/2 

||e*^“9a,/||L2(m) < c -xttII/IIlpm , t > 0 , (70) 

a{t) 


where a(t) = (1 — e “*)/q;. 


4.2 Two-dimensional estimates 

We next consider the two-dimensional equation 

dtUJ = + —X\diU} + —X2d2Ul H-^-O’ , (71) 

where x G R^, t > 0, and Oi > 02 > 0. In the particular case where oi = 1 -|- A and 
02 = 1 — A for some A G [0,1), we see that Cai,a 2 = + AAl, where £_l, M. are dehned in 

(I2S1). Note that the parameters oi, 02 cannot be eliminated by a rescaling, unless oi = 02 . 
We study the operator £ 01,02 fh® weighted space 

L^m) = {/ G lyny I b^f G L"(R2)} , Wfhnm) = Wb^fh. , (72) 
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where p > 1, m > 0, and b{xi,X 2 ) = w{xi)w{x 2 ) = (1 + It is clear that 

L^{m) = L^(m)®L^(m), where L^(m) is the one-dimensional space dehned in the previous 
paragraph and ® denotes the tensor product of Hilbert spaces, see IQ. Comparing the 
dehnitions (Eni), (El), we see that our operator can be decomposed as = C.ax ® 1 + 

1 ® Ca 2 i where 1 denotes the identity operator. It follows that the spectrum of £ai,a 2 
L^{m) is just the sum 

“ 1 “ ^ 171 ^^ 0 . 2 ) , 

where is given by (pTH|l for i = 1, 2. In particular, zero is an isolated eigenvalue of 

Iiax,a 2 if m > 1/2, and if m > 3/2 there exists /i > 02/2 such that 


(Tr 




01 , 02 ; 


C 


012 

“■-f 


U J € C 


Re {z) < —/i 


(Recall that we assumed ai > a 2 .) Moreover, if m > 1/2, the subspace Ll{m) dehned 
by (OH|l is invariant under the action of /loi, 02 , ^md the restriction of /loi ,02 to Ll{m) has 
spectrum <Jm{jCai,a 2 ) \ {0}- Thus £ 01,02 is invertible in Ll{m) if m > 1/2, with bounded 
inverse. 

The semigroup generated by £ 01,02 satishes ® e*^“ 2 . Thus, using 

Proposition 14.IL we immediately obtain the following estimates: 


Proposition 4.2 Ifm >1/2, the semigroup e*'^“i ’“2 is uniformly bounded in L‘^{m) for all 
t>0. Moreover, ifm > 3/2, there exists C(m, 0 : 1 , 02 ) > 0 such that, for all f G Ll{m), 

||e*^“i-^/|U2(^) < C'e-“^*/2||/|U2(^) , t > 0 . (73) 

Finally, «/l < p < 2 and m > 3/2, then defines a bounded operator from Uipm) 

into Ll{m) for k = 1,2, and there exists C{m, oi, 02 ,p) > 0 such that, for all f G Uipm), 


|e*^“i’“2ai/|U2(^) < C- 


3 -oit /2 


L'P{m) , t > 0 , 


ai(t)2p’^4a2(t)2p 4 

- 02 t /2 

|e*^“l’“^52/||L2(m) < C - xTl - T-lWfhnm) , ^ > 0 , 

ai(f)2p 4a2(t)2p + 4 


(74) 

(75) 


where 




ai{t) = 


= / e 


-aiS 


(y.4 


ds , z = 1, 2 


Remark 4.3 For p G [1,2] and m > 1/2, we also have the following bound: 

C 




ai(t)2p 4a2(t)2p 4 


II/IIlpM , t> 0 . 


We conclude this paragraph with a short discussion of the two-dimensional Biot-Savart 
law: 


u(x) 


2 ti j ^2 \x-y\^ 


fy 2 -x 2 

\xi-yi 


^{y) dy, 


X G . 


(76) 
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Proposition 4.4 Let u be the velocity field defined from lo via the Biot-Savart law 
i) If oj E LP(R^) for some p G (1, 2 ), then u G L^(R^) where ^ ^ ~ there exists 

C{p) > 0 such that ||u||i<j < C||a;||LP. 

a) If UJ E L^{Rf ) n L^(R^) for some p E [1,2) and some q E (2, +cx)] then u G (^^(R^) 
and there exists C{p,q) > 0 such that 


|u||z,°° < C||a;||2p||a; 


1 1—a 

IL9 


where 


a 1 — a 

—I- 

p q 


Proof: Assertion i) is a direct consequence of the Hardy-Littlewood-Sobolev inequality 
jHj. For a proof of ii), see for instance ([3], Lemma 2.1). □ 

We deduce from Proposition 14.41 the following useful bound on the product utn: 


Corollary 4.5 Assume that uji , uj 2 E Lf{rn) for some m > 1/2, and let ui he the velocity 
field obtained from uji via the Biot-Savart law |7^. Then Uia ;2 G LP{m) for allp E (1,2), 
and there exists C{m,p) > 0 such that 

II Uia;2 II LP(m) < C'||l^l||L2(m)||<^2||L2(m) • 

Proof: Assume that 1 < p < 2. By Holder’s inequality 

||uia; 2 ||LP(m) = ||&”'uia; 2 ||LP < ||ui||L.|| 6 ”*a; 2 ||L 2 , where - = - . 

q p 2 

Now ||ui||i? < Cllcuilli^p by Proposition 14.4L and ||a;i||LP < C'||a;i||i 2 (m) because L^{m) ^ 
L^fRf) for p E [1,2] if m > 1/2. This gives the desired result. □ 


4.3 The three-dimensional semigroup 

This section is devoted to the three-dimensional equation 

dtU = Ca:,,a 2 ^ = Auj + yXi^io; ~ ^ , (77) 

where x E R^, t > 0, and ai > 02 > 0. In the particular case where ai = 1 -|- A and 
02 = 1 — A, we have jCai,a 2 = C + 1 where C is defined in ii. 

It is important to realize that the evolution defined by (|ZZI) is essentially contracting 
in the transverse variables x± = {xi,X 2 ) and expanding in the axial variable X 3 . This 
is due to the signs of the advection terms, which in turn originate in our choice of the 
straining flow ©• For this reason we can assume that the solutions of dZZD decay to zero 
as > 00 , but we cannot impose any decay in the X 3 variable (otherwise the solutions 

will not stay uniformly bounded for all times in the corresponding norm). This motivates 
the following choice of our function space. For p > 1 and m > 0, we introduce the Banach 
space 

X^{m) = C°(R, L^{m)) = {a; : R — L^{m) \ oj is bounded and continuous} (78) 
equipped with the norm 


^^Wxpim) = sup ||a;(a; 3 )||LP(m) . 

xsGR 
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(79) 


For any n G N* we also define the seminorm 


\^\xP(m) — snp \\uj{x 3 )\\LP(^rn) , 

\x 3 \<n 

and we denote by the space X^{m) eqnipped with the topology dehned by the 

family of seminorms dzni) for n G N*. For later nse, we observe that the ball {a; G 
XP{m) I ||a;||xp(m) < -R} is closed in for any i? > 0. 

At least formally, the space X‘^{m) can be thonght of as the tensor prodnct C°(R) (gi 
L‘^{m), i.e. the space generated by linear combinations of elements of the form u!{x±, x^) = 
f{x 3 )g{x±), with / G C^(R) and g G In this pictnre, the linear operator dehned 

by (Hlj) can be decomposed as Cai,a 2 =>^301 + l^Cai,a 2 , where Cai^a 2 is dehned in dZH) 
and £3 is the one-dimensional operator £3/ = R|/ — X3R3/. It is readily verihed that £3 
generates a semigronp in C°(R) given by the explicit formnla 

{e^^^f){x 3 ) = {Gt * f){x 3 e~^) , X 3 G R , t > 0 , (80) 

where Gt is dehned in (E 2 D, and we know from Sectionthat C.ax, 0.2 generates a strongly 
continnons semigronp in Thns we expect that tai,a 2 ''^iii generate a semigronp 

in X‘^{m) given by St = ^ explicitly 

(S' 4 a;)(a; 3 ) = f Gt{x 3 e~^ - I/ 3 ) j d ?/3 , 0:3 G R , t > 0 . (81) 

J R, 

We shall prove that these henristic considerations are indeed correct in the sense that m 
dehnes a semigronp of bonnded operators in X‘^{m) with the property that ui{t) = Stui 
is the solntion of (|77|) with initial data uj G X‘^{m). However, the map t 1 —> StOJ is not 
continnons in the topology of X^(m), bnt only in the (weaker) topology of X‘^^^{m). This 
is dne to the fact that eqnation (|77|) has “inhnite speed of propagation” in the sense that 
the advection term in the vertical variable is nnbonnded, see Remark 18.21 


Proposition 4.6 For any m > 0, the family defined by KKffi and Sq = 1 is a 

semigroup of bounded linear operators on X^{m). If ojq G X‘^{m) and uj{t) = StOJo, then 
UJ : [ 0 , -|-cxd) —> is continuous, and uj{t) solves for t > 0. For any R > 0, 

if Br = {/ G X‘^{m) I ||/||x 2 (m) < R} is equipped with the topology of Xy^fim), then 
St : Bji —>• Xy^fim) is continuous, uniformly in time on compact intervals. Moreover: 

i) If m > 1/2 then St is uniformly bounded on X^(m) for allt>0. 

a) If m > 3/2 there exists C(m, 01,02) > 0 such that, for all uj in the subspace X^^m) 

defined in 

||5'il^||x:2(m) < ^ *||<^||x 2 (m) , t >0 . (82) 

Hi) If p G [1,2] and m > 3/2, Stdk defines a bounded operator from X^{m) into X^(m) 
for t > 0 and fc = 1, 2, 3, and there exists G{m, oi, 02 ,p) > 0 such that 


\\Stdl^\\x'^(m) 

\\Std2U)\\x'^(m) 

\\Std3Uj\\x2{m) 


< G 


< G 


< 




ai{t)'^p~^^ 


02 (t) 

^-0.21/2 


1 1 
4 


ai(t)2p 4 

G 


a2(t)2p + 4 




|n^||xp(m) 1 
|o^||xP(m) 1 


o-2t 


afit) 


2p 




(83) 

(84) 

(85) 
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where ai(t),a 2 (t) are as in Proposition^^ 

Proof: We first rewrite iu in a slightly more convenient form. By (HI we have Gt{y) = 
c{t)~^/‘^G{c{t)~^/‘^y), where c{t) = 1 — and G{z) = Thus setting 

?/3 = x^e-^ + in (jHH), we obtain the equivalent formula 

{Stuj){x^) = j G'( 2 : 3 )(^e*^“i’“ 2 a;(x 3 e“* + dzs , X 3 G R , t>0. ( 86 ) 

Fix m > 0. If a; G X‘^{m), then for any t > 0 the map x^ h-^ e*'^“i’“ 2 a;(a; 3 ) also belongs 
to X‘^{m), because is a bounded operator on L‘^{m) by Proposition 14.21 Thus it 

follows immediately from that StOJ G X^(m) and 

||*S'ta;||x 2 (m) < sup ||e*^“i'“ 2 a;(a; 3 )||L 2 (^) < Nm{t)\\uj\\x^{m) , (87) 

xsSR 

where Nm{t) = ||e*^“i’“ 2 The semigroup formula St^+t 2 = St^St^ is easily 
verihed using (ED, Fubini’s theorem, and the identity 



y)Gt^{ye -z)dy 




z) . 


Thus {5't}t>o is a semigroup of bounded operators in X‘^{m). 
On the other hand, by (jHED, we have for all /c G N: 


||5'ia;(a;3)||L2(^) < / G(z3)A^m(f)||a;(a:3e * + c(t)^/^2:3)||L2(^) dzg + iVm(f)||a;||x2(m)e^fc , 


' —k 


where Sk = I\z\>kG{z)dz ^ 0 as A: —> cx). Since |a: 3 e * + c(f)^'^^Z 3 | < n + A: whenever 
l^sl < n and |z 3 | < k, we deduce that for all n G N*; 


I‘S'tCo’IX2(m) ^ ^I^lv2_|_^(m) T ||^||X2(m)^ • (88) 

This bound implies that St : —> Xf^^{rn) is continuous, uniformly in time on compact 

intervals. 

Furthermore, if a; G X‘^{m) and A > 0, we have 

{StUJ - uj){xs) = j G(^3)e*^“i’“2 ra;(a;3e"* + c(A)^/^^3) - uj{x^)\ d2;3 

J R 

+ e*^“i’“2a;(x3) - a;(a;3) , 


hence proceeding as above we hnd for all n,k G N*; 

/ k 

G{z^)Nm{t) sup ||a;(a; 3 e"* + c(A)^/^ 2 ; 3 )-a;(a; 3 )||L 2 (^)dz 3 

■k \^3\<n 

+ 2 N,n{t)ek\\u}\\x^(m) + sup ||e*^“i'“2a;(a;3)-a;(a;3)||L2(m) • 

|x3|<n 

The last term goes to zero as t ^ 0+ because e*^“i ’“2 is a strongly continuous semigroup 
on L‘^{m) and u : [—n,n] —>■ L‘^{m) is continuous (hence has compact range). Similarly, 
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for each A; G N, the integral goes to zero as t —>• 0+ by Lebesgue’s dominated convergence 
theorem, because lo : [—n—k,n+k\ —> L?‘{m) is uniformly continuous. Since —>■ 0 as 
/c —> cx), we conclude that Stui —>• a; in as t —>• 0+. Then, using the semigroup 

property, we deduce that the map 1 1 —^ Stuj is continuous to the right at any t > 0. Finally, 
if t > e > 0, we have Stuj — St-e^ = St-e{,SeOJ — a;), hence by 

1‘S'tCU S^—i^U}\x'^{m) ^ ^mit CU| T (1 T (£)) ||cU||• 

Since IS'^o; — uj\x2_^^(^rn) —>■ 0 as e —>• 0+ for all k,n E N*, this shows that t i—>• Stui is also 
continuous to the left at any t > 0. 

Next, using dHi, dHni), and the explicit formula for it is rather straightforward 

to verify that, for any oj G X^(m), the map {x±,X 3 ,t) i—*• uj{x±,X 3 ,t) = {{StUj){x 3 )){x±) 
is smooth and satishes (EZD for t > 0. Thus StUJ is indeed the solution of (EZD with initial 
data 00 . 

It remains to establish the decay properties of S'p 

i) If m > 1/2, we know from Proposition 14.21 that Nm.(t) < C for all f > 0, hence {S't}t>o 
is uniformly bounded on X‘^{m) by dHZD- 

ii) If m > 3/2 and oo G Xl{m)^ then oj{x^) G Ll{m) for all Xa G R and (IH2D follows 
immediately from dHZD and dZSD- 

hi) If /c = 1, 2, we dehne Stdk by 

{StdkUj){x3) = j G{z3)(e^^‘^^’‘^^dkOj{x3e~^ + dzs . ( 89 ) 

If m > 3/2 and p G [1,2], we know from Proposition 14.21 that is a bounded 

operator from L^{m) into Ll{m) satisfying (17^ or EZD- Thus the formula dHi dehnes a 
bounded operator from X^[m) into XQ(m) and 

\\StdkO0\\x2(m) < sup ||e*^“i’“ 2 afca;(a; 3 )||i, 2 (^) . 

xsSR 


Thus (jHSD, follow immediately from dZi, dISD- Finally we dehne 8183 by 


{Std 30 o){x 3 ) = 


c(t)^/2 


d3G{z3) * + c{tY/‘^Z3)) d^a 


(90) 


We know that e*^“i ’“2 is a bounded operator from LP{m) into L‘^{m), see Remark 14.31 
Since CI 3 G G L^(R^), we thus hnd 


||*S'tcl3a;||x2(m) < 


< 


G 

sup lie 
c{tY^^ xgeR 

G 


*^“i'“2a;(a;3)||L2(, 


m) 


ai{t)^p 4Q2(t)2p 

which is dEZD- This concludes the proof. 




□ 
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Corollary 4.7 Let T > 0 and let f : [0,T] —X^(m) be a bounded function satisfying 
f G C°([0,T ],Then the map F : [0,T] —>• X^(m) defined by 

F{t) = [ St-sfis) ds , 0<t<T , 

Jo 

satisfies F e and \\F{t)\\x2(m) < /J - s)||/(s)||x2(m) ds, where 

Nm is as in 

Proof: For any t G [0,T], we define fjt : [0,t] —>• X^(m) by V’t('S) = St-sf{s). Since 
/ G C°([0, T], XiQ^(m)) and since the semigroup St is continuous on as described 

in Proposition Hini it is easy to verify that the map i/'t : [0, t] —>■ is also continuous. 

As is a subspace of the Frechet space C°(R, L‘^{m)), the integral f^tis) ds can 

be dehned as in ([IH], Theorem 3.17). However, in the present case, we can also use the 
following “pedestrian” construction (which agrees with the general one). For any n G N*, 
we dehne ^ ^ 

Fnij) = / Xn^t(s) ds= / XnSt-sf{.s)ds , 

Jo Jo 

where Xn denotes the map X3 h->■ l[_„^,^](a;3). Clearly Xn'f’tis) is a continuous func¬ 
tion of s G [0,f] with values in the Banach space C°([—n, n], L^(m)), hence Fn(t) G 
C^{[—n,n],L‘^{m)) can be dehned for any t G [0,T] as a Banach-valued Riemann in¬ 
tegral. Using again the continuity of the semigroup St one hnds that : [0,T] ^ 
C^{[—n,n],L‘^{m)) is continuous and satishes 

I^n(^)|x2(m) < f Nm{t - s)\\f{s)\\x^m)ds < C{T) [ ||/(s) ||x2(m) ds . 

Jo Jo 

(Note that 1 1—>• Nm(t) and t h-^ ||/(t)||x2(m) are lower semicontinuous, hence measurable.) 
Now, for each t G [0,T], it is clear that {Fmit)){x 3 ) = {Fn{t)){x 3 ) if |x3| <n < m, hence 
there is a unique F{t) G (^^(R, L^(m)) such that {F{t)){x 3 ) = {Fn{t)){x 3 ) whenever 
I13I < n. By construction, ||f (t)|Lv»(m) < /J - s)ll/(ii)IU>(m) ds for all t 6 [0, T], 
andF6C»(10,r],.YL(m)). □ 

Remark 4.8 Similarly, if p E (1,2] and k G {1,2,3}, Proposition implies that, if 
f : [0,T] —> XP{m) is bounded in X^(m) and continuous in Xf,^{m), the map F : [0,T] —>• 
X^{m) defined by 

F{t) = f St-sdkfis) ds , 0 < t < T , 

Jo 

is bounded in X‘^{m) and continuous in Xf^^{m). In that case, for each n G N* and each 
t G (0,T], Fnit) = XnF{t) is defined by a “generalized” Riemann integral, because the 
integrand has a singularity at s = t. 


4.4 The three-dimensional Biot-Savart law 

In this hnal section, we discuss the three-dimensional Biot-Savart law, namely 


u uc = 


1 

Air 


'R3 


-y) X u;{y) 
\x — y\^ 


dy , a: G R^ . 


( 91 ) 


We hrst prove the analogue of Proposition 14.41 in the spaces X^{m) dehned by 
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Proposition 4.9 Fix m > 1/2. If uj & X‘^{m), the velocity field given by satis¬ 
fies u G X'J(O) for all q G (2, cx)), and there exists C{m,q) > 0 such that ||u||x9(o) < 
C||^l|x 2 (m)- 


Proof: Assume that uj G X‘^{m) for some m > 1/2. For all x = {x±,X3) G R^, we have 
by Fubini’s theorem 


|u(a:±,X 3 )| < C 


\^{y±,y3)\ 


’r 3 |x_l - 2/±P + (3:3 - 2/3)' 


■dy^dys = C F{x±; X3,y3) dy^ , 


'R 


where 


F{x±]X3,y3) 



\^{y±,y3)\ 

\x±-y±\'^ + (x 3 - 1 / 3)2 


dy± . 


By Minkowski’s inequality, it follows that 


||u(-,X3)|U5(r2) <C [ ||F(-;X3,//3)||LnR2)d|/3 . (92) 

JR 

If 2 < g < cx), we shall show that there exists Hq G F^(R) and (7 > 0 such that 

\\F{-;x 3 ,y 3 )\\L<i(n^) < C\\u;{-,y 3 )\\L 2 (m)Hq{x 3 -y 3 ) , 0 : 3 ,// 3 GR. (93) 


Together with (El, this gives ||u(-,a: 3 )|| 2 , 9 (R 2 ) < C||a;||x 2 (m) for all X 3 G R, which is the 
desired bound. Since the Biot-Savart law is invariant under spatial translations, the same 
arguments show that, for all X 3 G R, 


||u(-,X3+ £) - u(-,a:3)||i,(R2) <C \\uj{-,y3 + e)-uj{-,y3)\\L2(m}Hq{x3-y3)dy3 . 

JR 

As £ —> 0 the right-hand side converges to zero by Lebesgue’s dominated convergence 
theorem, thus u G C°(R, L'^(R2)) = X'?(0). 

To prove (El, for any a G R we dehne fa{y±) = (ll/nP + of) If a 7 ^ 0, then 
fa e L^(R 2 ) for all r > 1, and there exists Cr > 0 such that 

ll/a||L'-(R2) < , • 

\a\ r 

Since F{-;x 3 ,y 3 ) = |(^(■,// 3 )| * fxa-ya^ Young’s inequality implies 

i|fo(s J^3,2/3 )||l 5(R2) < C'i|<^(-,2/3)i|L2(R2)||/j.3_y3||iP(a2) < —-( )2/3)IU ^R ) ^ 

\x3-y3\ ^ 

where 1 + ^ = ^ + ^, hence 2 — | = 1 — |<1. On the other hand, by Holder’s inequality, 
F{x±-,X3,y3) = I b"'{y±)\uj{y±,y3)\-——^ -VtT- 

iR2 b^{y±){\x±-y±f + (x3-//3)2) 

/I \ 1/2 

< II&”^^(-,1/3)||l2(r 2)(^— (xx) . 
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Using Young’s inequality again, we obtain 


l|-^(■;3;3,l/3)||L‘J(R2) < C\\u){-,y3)\\L2(m)\\b ™'||l2(r, 2) ||ig(R,2) 

^ ^\\^{'1 y 3)11 L^{m) 

- ^ ’ 

F 3 - 2 / 3 I 

where 2 — ^ > 1. Combining (El, (El, we obtain El- 
An easy consequence is the analogue of Corollary 14.51 


(95) 

□ 


Corollary 4.10 Assume that uji,uj 2 G X‘^{m) for some m > 1/2, and let ui be the 
velocity field obtained from coi via the Biot-Savart law ^9l\) . Then Uia ;2 G X^{m) for all 
p G (1,2), and there exists C{m,p) > 0 such that 

||uia;2||xp(m) < C'||a;i||x2(m)||^2||jy2(m) • (96) 

Proof: Assume that 1 < p < 2 and ^ ^ ~ By Holder’s inequality, we have for all 

0:3 G R 


||&(-)”'ui(‘,^3)^2(-,a:3)||iP(R,2) < ||ui(-,X3)||i9(R2)||6(-)”*a;2(-,2:3)||L2(R,2) . 


Taking the supremum over X 3 and using Proposition I4.9L we obtain El- Moreover, since 
ui G X'?( 0 ) and UJ2 G X^(m), it is clear that X3 h->• Ui(-,a;3)cj2(-,X3) is continuous from R 
into LP{m). □ 

In the rest of this section, we £x some A G [0,1). Given p G R and G (^/(R), our goal 
is to compare the velocity held U'®(xj_; p + dehned by (IHf)]) with the velocity held 

U'®(a;; p, <p) obtained from ri'®(xj_;p + (p{xfi)) via the Biot-Savart law. (As in Section |21 
we omit the dependence on A for simplicity.) Since has only the third component 
nonzero, El implies that TJ'® has only the hrst two components nonzero: 


( Ui{x]p,p)\ 

\Ufi{x-p,p)) 


]_ f 1 f y2-X2\ 

dvr Jrs |x - p|3 \xi-yi) 


^^{yx P + T{y 3 )) dy± dp 3 . 


(97) 


On the other hand, for any X 3 G R, U^(x_l; p-|-p(x3)) is obtained from n^{x±; p + p^xs)) 
via the two-dimensional Biot-Savart law dZl, which can be written in the form 


( Ufi{xr,p + p{x3))\ 
\Ufi{xr,P + p{x3)) ) 


■^ [ I— ^^iy±lP + Pix3))dy^dy3 , (98) 
dvr Jr 3 \^i-yij 


because 



'R 


{\X± - (X 3 - 2/3)^)^/^ 


dp3 



(99) 


Using these representation formulas, it is easy to show that the velocity helds U'®, 
are close if the function p varies sufficiently slowly. 








Proposition 4.11 Fix X G [0,1), and assume that p G R and ip G (R) satisfy |p| + 
||<pI|l°° < Ri{X), where Ri is defined in Proposition \2.Si . Then G C°(R^), and 

there exists C'(A) >0 such that 

sup |U^(x;p,(p)| < C{\p\ + ||(p||l“) , (100) 

xeR3 

sup \lJ^{x]p,p)-lJ^{x±]p + ip{x 3 ))\ < C\\p'\\l^ . (101) 


Proof: Since fl^{x±]p) is a continuous function of x±_ G R^ which decays rapidly as 
|a;j_| —> cx), uniformly in p G [—i?i,-Ri], it is not difficult to verify that the velocity held 
U'®(a;;p, p) dehned by (HTTfl depends continuously on a; G R^. Next using and (IHIH) 
with m = 1, we hnd 


U^(x;p,p)| < 


1 f 1 C{\p\ + ||p||l°°) . 

27r 7^2 |a;_L - p_l| 6(p_l) 


Since b ^ G Lp(R^) for all p G (l,cxo], the above integral is uniformly bounded for all 
x± G R^ (see Proposition I4.4|l . and we obtain (imnii . 

Finally, taking the difference of (IHTj) and we see that IXJ-® — U-®| < C{Di + D 2 ), 
where 


Dfix) = 


\^i Vil 


/R3 


k - vl'" 


xt (y±; P + (fiys)) - xt (y±;p + p(x3)) dy±dy3, i = l,2. 


But 


Xi (y±; P + Tiys)) - X2 (y±; P + (fixs)) < / d^X2^(y±;p + p(z))p'(z)dz 


rys 


'X3 


Since 


we thus find 


< ks - yslllv^'IU- sup \dpXl^{y±-,p)\ 

\p\<Ri 


ks -I/ 3 I , 2 u 1^* “^*1 ^ 1 

dps = -j-r , and -r < 1 


'R 


\x - y\" 


\x± - y±\ 


\x± - y±\ 


|A||l- < 2||p'||loo / sup \dpXl^{yr,p)\dy± , i = l,2 

Jr2 |p|<Ri 


( 102 ) 


Using now dSi with m = 2, we see that the integrand is bounded by C/h{y±fi, hence the 
integral in (mil) is finite. This gives (HHH). □ 
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